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Abstract 
The control of lightweight flexible manipulators moving along predefined paths 
is the focus of this work. The flexible manipulator dynamics is derived on the 
basis of a Lagrangian-assumed modes method. The full order flexible dynamic 
system does not allow the determination of a tracking control as for rigid 
ma~ipulators, since there are not as many control inputs as output variables. 
Thi~ drawback is overcome by accomplishing a model order reduction, based on a 
singular perturbation strategy, where the perturbation parameter can be 
identified as the ratio of speeds of the slow versus the fast dynamics. 
A composite control is adopted. First a slow control is designed with the 
purpose to track the trajectory in the joint space as accurately as possible. 
A quasi steady-state trajectory is then determined for the fast variables, and 
a fast control is in charge of stabilizing them along that trajectory. 
The one link flexible arm prototype in the Flexible Automation Laboratory 
at Georgia Tech is chosen for developing a case study. Extensive simulation 
results are illustrated. 
This research is based in part on work supported by the NATO Science Programme 
(Special Programme on Sensory Systems for Robotic Control) under grant 9.11.04 




State-of-the-art design of mechanical arms results in a high ratio of arm 
weight to payload weight. The use of lightweight arms certainly represents one 
successful strategy to achieve benefits like lower arm cost, higher motion 
speeds, better energy efficiency, safer operation and improved mobility. These 
issues and others have been addressed by Book (1984 (August)). 
In this scenario control is one of the crucial points to an effective use 
of lighter arms. As a matter of fact the price to pay is the much more complex 
dynamics involved by the flexibility distributed along a lightweight 
. .. 
me c han i cal s t r u ct u r e. Con s eq u en t 1 Y the con t r 0 lob j e c t i ve for f 1 ex i b 1 e 
manipulators is to be properly reformulated, at least as compared to the case 
of today's industrial manipulators, whose links and drives are purposely made 
stiff to obtain higher precision, even if at the expenses of lower speed and 
higher drive power. In fact not only is a flexible manipulator required to 
execute some. motion, so as a rigid manipulator is, but also it is desired to 
stabil ize the vibration?, which are naturally excited, along the motion and 
daf\lp them out as fast as possible at the terminal point. The dynamic 
interaction existing between joint angles and flexible deflections complicates 
the control problem so that alternative control strategies must be sought to 
accomplish the above mentioned goal. 
The necessary step towards successful control synthesis is to dispose of 
an accurate dynamic model for the flexible manipulator; to this end the 
recursive Lagrangian-assumed modes method proposed by Book (1984) is an 
efficient, complete and conceptually straightforward modeling technique. The 
result is an extended number of generalized coordinates, and then state 
variables, to handle for control purposes. 
If the control objective is just to drive the manipulator to a terminal 
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point (regulator problem) and stabilize the deflections, without any concern 
about the particular path to follow, an optimal control approach is candidate 
to succeed, as proven for instance in (Sangveraphunsiri 1984) for a single 
1 ink flexible arm. 
On the other hand if the path fol lowed is also of interest, this creates a 
conflict in some way with the intrinsically flexible nature of the 
manipulator. As a natural extension of the regulator problem, it might be 
argued that the nonlinear equations of motion could be linearized about the 
desired nominal rigid body motion,' but this would involve much too an 
expensive computational burden. Furthermore, since the manipulator is likely 
required to handle a wide variety of payloads along trajectories avoiding 
obstacles in the workspace, robustness of the control system would be 
serious ly compromised. 
A first research effort towards the design of a control law which 
decouples the joint angle motion from the flexible motion has been produced by 
Singh and Schy in (1985) but the resulting flexible motion stabil izer takes 
advantage of additional end forces. A conceptually similar idea is the 
I 
reaction wheel placed at the tip of a one link flexible arm operating in a 
space environment (Meldrum 1985). Ultimately also in case of the bracing arm, 
recently proposed by Book (Book and Sangveraphunsiri 1984), the small arm, 
which is in charge of the fine motion, could produce end stabilizing forces as 
regards the gross motion performed by the big flexible arm. Nevertheless, 
whenever only as many control inputs as joint variables are available, 
nonlinear control of combined rigid body and flexible motion seems to remain 
an unresol ved issue. 
The goa 1 of this paper is to present a fairly different approach to the 
control of flexible manipulators moving along predefined paths, based on 
singular perturbation theory. A conceptually similar approach has been pursued 
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by Marino and Nicosia (1985) for the simplified case of flexibility 
concentrated at joints. If the spectrum associated with the flexible modes 
characterizing the deflections is distant enough from the spectrum of the 
rig i d bod y mot ion, the s y s t e m c· a n be con sid ere d a sin g u 1 a r 1 y per t u r bed 0 n e ; 
the perturbation parameter can be identified as the ratio of speeds of the 
slow vs the fast dynami cs. 
According to the singular perturbation theory (see Kokotovic's 
comprehensive survey (1984)) a syst~m lin singular perturbation form is a 
convenient tool for "reduced order modeling". In this way two reduced order 
systems are identified: a slow subsystem which nicely turns out to be of the 
same order as that of a rigid manipulator, and a fast subsystem in which the 
slow state variables play the role of parameters. By fol lowing the composite 
control technique proposed by Chow and Kok otov i c (1978), and later by Suzuki 
( 1981) , a slow fee db a c k t r a c kin g con t r 0 1 i s des i g ned fir s t , the n a fa s t 
feedback control is added, whose purpose is to stabi 1 ize the fast (boundary 
layer) subsystem along its eqyilibrium trajectory which obviously depends also 
on (the slow control. 
The attractive feature of this strategy is that the slow control can be 
designed on the basis of well establ ished control schemes for rigid 
manipulators, such as the decoupling control proposed by Freund (1982), the 
resolved acceleration control by Luh, Walker and Paul (1980), the sliding mode 
control by Slotine (1985), and the adaptive model following control by 
Balestrino, De Maria and Sciavicco (1983). On the other hand the fast control 
can be synthesized as a linear state feedback control with the slow state 
variables acting as parameters; an optimal control can be conceived. In fact 
if the fast subsystem is stabil izable for any joint trajectory of interest, 
Tikhonov's theorem (Kokotovic 1984) will assure that the orbits of the overall 
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system wi 11 approach in the 1 i mit those deri ved by the two subsystems. 
Pre 1 i mi nary sat i sfactory resu 1 ts with a two stage control strategy, based 
on model reference adaptive control for the full order system, have been 
obtained in (Siciliano et al. 1986) for the one link flexible arm prototype 
which has been focus of research at Georgia Tech. See (Hastings and Book 1986) 
for the dynamic model. The same arm is chosen in this work to develop a case 
study, and simulation results are provided. However the application of the 
control technique outl ined in this paper to the general case of a multiple 
t 
degree of freedom manipulator with one or more flexible links, like the case 
considered in (Singh and Schy 1985)~ appears much more challenging and it will 
soon be investigated. 
Last but not least it must be mentioned that full state availability is 
assumed for control synthesis. As a matter of fact the flexible variables can 
be obtained from strain gage,measurements as shown in (Hastings and Book 
1985), whereas their derivatives can be derived through a reconstructing 
fi lter as in (Sangveraphuns i ri 1984). 
2. Flexible Manipulator Dynamics 
Nonlinear equations of motion for a flexible manipulator can be successfully 
derived using the recursive Lagrangian approach outlined by Book (1984a). A 
solution to the flexible motion of a link i is obtained through modal 
analysis, under the assumption of small deflection of the link, 
(1) 
where ¢ij is the eigenvector expressing the displacement of mode j of link i's 
deflection, 0ij is the time-varying amplitude of mode j of link i, and mi is 
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the number of modes used to descri be the def 1 ect i on of 1 ink i. As far as the 
external forcing terms in Lagrange's formulation, if the clamped-free 
assumption is adopted for a flexible link, there will be no displacements at 
joi nt 1 ocat ions and then the ccirrespondi ng genera 1 ized forces wi 11 be zero. 
Thus, similarly to the Maizza Neto's formulation (1974), for the purpose of 
this work, the dynamic equations for an n-degree-of-freedom manipulator with 
up to n flexible links can be written in the following form: 
H(q,8) [-i-] = [~-] ( 2) 
where: 
H is the inertia matrix, 
q = (ql q2 ..• qn)T is the vector of joint variables, 
0= (oU 012 ..• 0lm 1 02l ••• 02m2 ••• 0nmn)T is the' vector of deflection 
variables, 
fl and f2 are the vectors contatning Coriolis, centrifugal and gravitational 
ter(ms, the 1 ast ones on ly in fl' 
Cl , C2, Kl and K2 are the matrices which account for the interaction of joint 
variables and their derivatives with deflection variables and their 
derivatives; by dimensional analysis ~ertain combinations of variables can be 
excluded as regards C2 and K2, which rule out any terms involving products of 
° or ° with ° or 0, 
u = (Tl T2 ••• Tn)T is the control vector of generalized forces applied at the' 
joint variables; 
in (2) appears also a null vector 0 of appropriate dimension. 
Since the inertia matrix M is positive definite, it can be inverted and· 
denoted by H, which cah be partitioned as fol lows: 
6 
( 3) 
where ml = m1 + m2 + ••• + mn• Eqs. (2) then become 
q = - H II f 1 - H 12 f 2 - H II C 1 - H 12 C 2 - H II K 1 - H 12K 2 + H II U ( 4a ) .. 
o = - H21 f1 - H22f2 - H21 C1 - H22C2 - H21 K1 - H22K2 + H21 U (4b) 
In order to put the system (4) in state space form, let 
(5 ) 
be the state vari ab 1 es; eqs. (4) become then 
(6a) 
F = [+H-] 
! 
. 
z = (6b) 
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3. Singular Perturbation Formulation 
Under the assumption that the spectrum of rigid body joint motion is well 
separated from the spectrum of flexible link deflections, the system can be 
considered a singularly perturb~d one, at least in its open-loop configuration 
initially. In order to make this explicit, the matrix A2 in (6b) can be 
I 
written as A2/~, where ~ plays the role of the perturbation parameter. By 
scaling the other terms in (6b), the overall system in singularly perturbed 
form resu lts 
• I I I 
~z = ~(x ,z)z + g2(x ,z) + B2(x ,z)u 
(7a) 
(7b) 
As evidenced by Cal ise (1979), since the system (7) is nonl inear, the 
procedure for identifying./l is not straightforward and may involve 
considerable effort, even if flexible dynamics are known to be faster than 
rigid dynamics. To this purpose a good estimation of;: may be given by the 
rat i 0 of the hi ghest fre.quenc.y of the slow dynami cs vs the small est frequency 
of:the fast dynamics; the range of possible joint trajectories in the 
manipulator workspace must be accounted for in this choice. 
At this point the typical steps of singular perturbation formulation can 
be taken. Because of the presence of /1, the system (7) exhibits a boundary 
layer phenomenon in the fast variables z. If the boundary layer decays, then 
the dynamics of x and zwill vary slowly. Formally setting /l= 0 accomplishes 
an order reduction from n + ml to n, because the differential equations (7b) 
degenerate into the algebraic transcendental equations 
( 8) 
where the bar is used to indicate that the variables belong to the so-cal led 
8 
·1 
slow subsystem with f.L = O. 
In order to have a system in the "standard form" (Kokotovic 1984), two 
crucial assumptions are to be made: a) the contributions of the deflections to 
the inertia matrix are negligible, i.e. H(x,z) == H(x), b) the terms involving 
. . 
products of ° or ° with ° or ° are negl igibl e, i.e. C1(x,z) == C1(x), and 
K1(x,o) == K1(x). In this case it is possible to find the distinct ("isolated") 
quasi steady-state solution to (7b) 
substituting (9) in pa) formally yields the slow subsystem or the reduced 
order subsystem of (7) 
. 
x = Fx + a(x) + 8(x)u ( 10) 
B = Bl + 
To deri ve the fast subsystem or the boundary 1 ayer system, it is assumed that 
. 
the slow vari ab 1 es are constant in the boundary 1 ayer; that is z = 0 and x = x 
= constant. Operating the fast state variable change around the equil ibrium 






where T = till is the fast time scale. 
It must be emphasized that (11) is a linear system parametrized in the 
slow variables x. Setting uf = ° in (11) also gives an estimate of the natural 
frequencies excited by the rigid body trajectory under the effect of the slow 
control; this point may be conveniently exploited for trajectory planning 
purposes. 
As evidenced by the two reduced order subsystems (10) and (11), the goal 
now is to design the slow control Ii which allows to track a reference joint 
vector trajectory, and then design the fast control uf which stabil izes the 
deflections along the equilibrium trajectory which is naturally set by the 
slow system as control led by U. 
4. Composite control 
Under the results of the previous section, the design of a feedback control U 
for the fu 11 system (7) can be spl it into two separate designs of feedback 
controls u and uf for the two reduced order systems, namely a two-time scale 
composite control (Chow and Kokotovic 1978) 
with the constraint that uf(x,O) = 0 such that uf is inactive along the 
solution (9). 
As far as the slow control is concerned, the reduced system (10), having 
as many control inputs as joint variables, shows the possibility of adopting 
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well established control techniques developed for rigid manipulators, such as 
(Freund 1982; Luh et al. 1980; Slotine 1985; Balestrino et ale 1983), to 
mention a few. In particular for the Adaptive Model Following Control 
technique of the type proposed .in (Balestrino et al. 1983) the perfect model 
following conditions, which are the crucial point to successful use of AMFC 
(Landau 1979), are always satisfied, due to the structure of system (10). This 
issue has been addressed by Sicil iano, Yuan and Book (1986) for the case of a 
one 1 ink flexible arm. More specifically, assume that a trajectory is 
, 
ass i gned for the joi nt vari ab 1 es and joi nt ve 1 ocit i es, say x(t), as a resu 1 t 
of an inverse kinematic computation from the end effector trajectory for the 
equivalent rigid body manipulator. The slow control can be thought of as 
u(x) = Bt(X)[-a(x) + v(x,x)] ( 13) 
where the first term provides a precompensation of the nonlinear terms in a, 
and v is a robust control which allows the slow subsystem to track a linear 
time invariant decoupled reference model of the type 
(14 ) 
with AO and Al diagonal negative matrices. It might be helpful to recall from 
(Balestrino et al. 1983) that 11, which is strictly part of the robust control, 
is obtained from (14) by means of the so-cal led inverse model technique. 
Incidentally it might be observed that the strategy of adaptively 
control 1 ing the system (7a), by just dropping the flexible dynamic equations 
in (7b) and considering z in (7a) as a disturbance to the system, is likely to 
fai 1, since no assumption on the boundedness of the disturbance can be made. 
At this point the singular perturbation theory requires that the boundary 
layer system (11) be uniformly stable along the equilibrium trajectory z given 
11 
, , 
in (9). This can be accomplished only if the couple (A 2,B 2) in (ll) is 
uniformly stabilizable for any slow trajectory x(t). Assuming that this holds, 
a fast state feedback control of the type 
(15) 
wi 11 stabi 1 ize the boundary 1 ayer system (ll) to zf = 0 (z = i). According to 
Chow and Kokotovic (1978), uf can be designed as on optimal control for the 
boundary layer. The performance inde,x will be a function of the slow state 
variables. Since the main purpose in flexible manipulator control is to damp 
out the deflections at steady-state as fast as possible, Kf can be designed 
also on the basis of the final joint configuration, provided that with that 
particular choice zf will not go unstable along the slow trajectory; in this 
way the solution of a Riccati equation for each joint configuration can be 
avoided. 
A crucial issue for the composite control synthesis is that the slow 
control (13) and the fast con.trol (15) must be designed so as to preserve the 
ti~e scale separation for the closed-loop system. 
Under the above conditions Tikhonov's theorem (Kokotovic 1984) assures 
that the state vectors can be approximated by 
x = x + OUt) 
z = i + zf + O(l.L) 
(16a) 
(16b) 
Un de r the slow con t r 01 (13), i wi 1 1 ten d to X. The fa s t co n t r 01 (15) wi 1 1 
drive zf to O. The goal of tracking the joint trajectory and stabil izing the 
deflections around the quasi steady-state trajectory, naturally set up by the 
slow system under the slow control, is then achieved by an O(IL) approximation. 
This is the typical result of a singular perturbation approach. 
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5. Case study 
The control strategy outlined in the above sections has been tested for the 
one 1 ink flexible arm existing in the Flexible Automation Laboratory at 
Georgia Tech; the arm is sketched in fig. 1. For reader's convenience the 
whole dynamic model with two mode expansion (1) in the form (2) is reported in 
Appendix. Under the assumption of neglecting the contributions of the 
deflections to the inertia matrix and the second order terms in the deflection 
variables and their derivatives as previously anticipated, it is H = constant 
in (A2) and cIT = (0 0) in (A5) respectively. This system verifies the basic 
assumption required for the time scale separation, since the open loop spectra 
are well separated; the rigid body motion involves two poles at the origin (no 
gravity), and the. natural frequencies associated with the flexible motion 
maintain around 14 rad/s and 90 rad/s along the whole trajectory. 
Assume to indicate the desired trajectory which defines the reference 
.. 
model in (13) by ({), (), ()). A joint trajectory is commanded from {)(O) = 0° to 
()(T) = 90° and T = 2s, with ~he velocity profile () = 90[1 + sin(2wt/T - w/2)] 
[O~s] (fig. 2). 
Since the one link case does not involve high nonlinearities, the slow 
control in (13) has been chosen as a linear model fol lowing control 
(17) 
The choice for kp and kv in (17) is to be made on the basis of a tradeoff 
between high tracking accuracy and validation of the two time scale separation 
for the closed loop system. In other words if the natural frequency associated 
with kp and kv is too high, the closed-loop poles will not be clustered 




(Khalil 1985). Since the smaller natural frequency of the fast subsystem is 
around 14 rad/sec, according to a ratio of 1 to 6 for the perturbation 
parameter, a double pole in -2.5 has been chosen for the reference model, 
corresponding to kp = 6.25 and kv = 5. 
The fast control in (15) can be selected according to optimal control with 
a prescribed degree of stability, whose performance index is 
I 
The resulting fast optimal control is (b 2 in (11) is a constant vector) 
1 IT _ 




where V(i) is the positive definite stabil izing solution of the x-dependent 
Riccati equation 
o = -V(iHAii)+aIJ" - [A.~T(i)+aIJV(i) + V(i)bP~TV(i)/r(i) - Q(i) (20) 
r 
In"order to achieve good damping at steady-state and also save computation 
time, the fast optimal control has been designed for the final joint 
configuration iT = [90 OJ. The penalty terms in (18) have been chosen as Q = 
diag(l 150 30000) and r = 1 respectively, also a = 5. With these values the 
damping ratios for the two fast modes have resulted .766 and .753 
respectively, and the natural frequencies 18.59 and 94.10 respectively. This 
last point actually meets the constraint of preserving the time scale 
separation existing for the open-loop system. The resulting kl is 
(75.50 6375.64 17.07 173.10). 
In order to test the robustness of the composite control, the whole 
nonlinear system given in Appendix has been simulated. The pure slow control 
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has been first applied, tlien the fast control has been added. Fig. 3 displays 
the joint angle tracking performance, and fig. 4 the joint velocity tracking 
performance. Figs. 5 and 6 show the two modal deflections, while figs. 7 and 8 
show the derivatives of the mOdal deflections. Furthermore the end point 
tracking performance, position and velocity respectively, are reported in 
figs. 9 and 10. As could have been predicted, the joint angle tracking proves 
even better under the effect of the pure s low control, but at steady-state 
both the joint angle and the deflections, are not stabilized at all and they 
seem to damp very slowly. This effect is also visible for the end point 
t r a c kin g • The add it ion 0 f f h e t'a s t s tab i 1 i z i n g con t r 0 1 con t rib ute s t 0 
stabi 1 ize the deflections along the trajectory and damp them out at steady-
state, while not derating appre~iably the tracking performance. This point 
reflects the compromise which must be achieved in designing a control system 
for a flexible 1 ink arm. Fig. 11 finally shows the required net input torques, 
the slow, the fast and the composite respectively. It might be remarked that 
the shapes of the controls are gentle and their magnitudes contained. 
6. Concluding remarks 
A singular perturbation approach has been developed for control of lightweight 
flexible manipulators moving along predefined paths. 
The main problem concerned with flexible arm tracking control, namely the 
number of control inputs is less than the number of controlled variables, has 
been successfully faced by means of a model order reduction which is 
characteristic of a two-time scale approach. Indeed for the slow subsystem 
well established control stra.tegies, as for rigid arms, can be adopted. For 
the fast subsystem a stabil izing control along the quasi steady-state 
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trajectory, set up by the s low subsystem as controlled by the s low control, is 
needed. The control goal is achieved by an O(Il) approximation, where 
Il represents the ratio of the speeds of the slow vs the fast dynamics. 
However, since IJ. is not identified in a rigorous manner, the approach 
presented is recommendable only if it leads to useful and accurate solutions, 
i.e. Il is sufficiently small. To this end the time scale separation must be 
preserved in designing the two feedback c.ontrols. The stabil ity of the full 
order system, indeed, has not been directly addressed in this paper. Estimates 
t 
of the domain of attraction and of an upper bound on the perturbation 
par a met era res til 1 be i n g sou g h t ,. and the y con s t it ute the m a i n f 0 c: u s 0 f the 
current research. 
Future research effort will be also likely dedicated to seek integral 
manifolds for the slow subsystem (Sobolev 1984), in order to obtain a more 
accurate slow control, especially for the case of multi-degree-of-freedom 
flexible manipulators. 
Long term research issues are: 
- how to se.lect IIgood ll joint angle trajectories so as not to excite large 
f 
deflections and then lighten the task of the fast control, 
- to better investigate the effect of the slow control on the natural 
frequenc i es of the fast dynami cs. 
Ultimately the problem of full state reconstruction and the possibility of 
adopting output feedback, i.e. dropping the derivatives of deflection 
variables and eventually using a dynamic compensator, certainly represent two 
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Appendix 
The dynamic model of the one link flexible arm is presented. The modal series 
(1) is truncated at m1 = 2. For a clamped-free vibrating beam the orthonormal 
modal eigenfunctions in (1) are given by 
¢i (cf) = sin ({3i g) - sin h (,8i g) + vi [c 0 s (,8i g) - cos h (,8i g ) ] (A 1) 
sin~i + sinh,8i 4 pA(21Tf i )2L4 
vi = {3i = E1 
cos,8i + cosh,8i 
i = 1,2 
g = 1]/L 
With reference to the Lagrangian dynamic equations in the form (2), it 
resu lts: 
mll m12 m13 
M = m12 m22 m23 
m13 m23 m33 
mll = JO + ML2. + 10 +M(¢IeoI + 2¢1e¢2e o102 + ¢~eo~) 
m 12 = M LcP1 e + W 1 
m13 = ML¢2e + w2 
2 12 
m 2 2 = m + M¢1 e + J P ¢1e 
m23 = M¢1 e¢2e + Jp¢~e¢;e 
2 12 








i = 1,2 
i = 1,2 
= pAL 2{1 cpo (() ( d~ 
o 1 i = 1,2 




Futhermore the end point position Xe and velocity Xe along the Xo axis result 
respectively: 
Xe = XI~=l = Lcos8 - (¢leOl + ¢2eo2)sin8 (A9) 
Xe = Xk=l = [-Lsin8 - (¢leo1 + ¢2e02)cos8]8 - (¢le81 + ¢2e82)sin8 (A10) 
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Table of simbols 
L = beam 1 ength 
m = beam mass 
M = pay load mass 
10 = joint inertia 
J O = beam inertia relative to joint 
J p = payload inertia 
A = beam cross area 
E = Young's modu lus 
I = beam area inertia 
p = dens ity 
fi = frequency of the ith mode 
For the prototype in the laboratory the above parameters are found to be 
(Hastings and Book 1985): 
L = 4 ft 
m = 0.0205 1 bf s
2fft . 
M ' 3.10E-3 lbf s
2fft 
10 = 1.00 lbf s
2fft 
J O = 0.109 1 bf s
2fft 
J p '= 8.52E-3 1 bf s
2/ft 
A = 9.76E-4 ft2 
EI = 28.6 lbf ft2 
p = 5.25 1 bf s
2fft 4 
f1 = 2.12 Hz 
f 2 =14.3Hz 
21 
"':.' 
FIG U RE CA P TI 0 N S 
Fig. 1. The one link flexible arm. 
Fig. 2. The reference joint velocity profile. 
Fi g. 3. Joi nt angle tracking errors. 
Fig. 4. Joi nt velocity tracking errors. 
Fig. 5. 1st mode deflections. 
Fig. 6. 2nd mode deflections. 
Fig. 7 • 1st mode deflection deri vat i ves .• 
Fig. 8. 2nd mode deflection derivatives. 
Fig. 9. End poi nt position track ing errors. 
Fig. 10. End poi nt velocity tracking errors. 
Fig. 11. Control torques. 
22 
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